In this paper we investigate analytically the conformal symmetry influence on the next-to-leading order radiative quantum corrections to critical exponents for massless O(N ) λφ 4 scalar field theories in curved spacetime. We renormalize the theory by applying the BPHZ method. We find that the critical exponents are the same as that of flat spacetime, at least at the loop order considered. We argue that this result agrees perfectly with the universality hypothesis. *
I. INTRODUCTION
In general, physical phenomena are not affected by the state of their observers. For example, the special theory of relativity was built by demanding that an experimentally measured physical quantity has to display the same result when measured by an observer at rest or in relative motion to the former with constant velocity. From this requirement, it has emerged the concept of symmetry transformation of observers, i.e. a given physical quantity will present the same value if measured by any of the referred observers. In the aforementioned case, the symmetry transformation is the Lorentz symmetry. Others symmetries were discovered along the past years as continuous (time translation, spatial translation, spatial rotation, gauge U(1), gauge SU(2), gauge SU(3) etc) and discrete (time reversal, spatial inversion, charge change etc) ones [1] [2] [3] for citing just a few of them. Many of these symmetries are needed for a complete understanding of the behavior of physical systems at the high energy physics realm [4] [5] [6] . On the other hand, at the condensed matter physics scenario, the symmetry physical implications have also turned out to be profound [7] [8] [9] [10] [11] [12] [13] [14] . In fact, in the phase transitions and critical phenomena domain, the universal critical behavior of a given system undergoing a continuous phase transition is characterized by a corresponding set of six universal critical exponents [15] . Fortunately, many completely distinct physical systems as a fluid and a ferromagnet can have their phase transition behaviors characterized by the same set of critical exponents. For that, they have to have in common their dimension d, N and symmetry of some N-component order parameter (for example, the order parameter can be the magnetization when we are leading with magnetic systems) if the interactions are of short-or long-range type. When this happens, we say that these distinct physical systems belong to the same universality class. We will be concerned in this work with the O(N) one. It includes the specific models: Ising (N = 1), XY (N = 2), Heisenberg (N = 3), self-avoiding random walk (N = 0), spherical (N → ∞) etc. [16] . The influence of the d and N parameters on the critical exponents values is easier to probe [17] [18] [19] [20] [21] than that of symmetry of course. Some works were purposed to investigate the result of considering the symmetry effect on the critical exponents values in flat spacetime [22] [23] [24] [25] . We now probe the conformal symmetry effect in curved spacetime.
In this paper we compute analytically the next-to-leading order (NLO) critical exponents for massless O(N) λφ 4 scalar field theories in curved spacetime. In this case, massless theories represent systems at the critical temperature T c , since the mass of the fluctuating quantum field corresponds to T − T c , where T some arbitrary temperature and T c is the critical one. For that, we employ the field-theoretic renormalization group approach based on the dimensional regularization of Feynman diagrams in ǫ-expansion (ǫ = 4 − d), where the theory is renormalized through the massless Bogoliubov-Parasyuk-HeppZimmermann (BPHZ) method [26] [27] [28] . For attaining that task, we have to obtain the loop corrections to critical exponents, at least, at the finite two-loop order. As the one-loop contribution to field renormalization is vanishing, for obtaining the renormalized field at next-to-leading level, we have to consider three-loop diagrams. The field-theoretic renormalization group approach for evaluating critical exponents [29, 30] is a formulation in which the information about the critical properties of the system is contained in the critical properties of the 1PI vertex parts with their amputated external legs [31] . They are defined as ensemble averages of fluctuating quantum fields φ with weight probability density given by the Lagrangian density of the system. These fluctuating quantum fields are such that, their mean values are identified to the magnetization when we treat magnetic systems, for example. The 1PI vertex parts are initially divergent. These divergences can be absorbed into constants called renormalization constants. These constants contain the divergent structure of the theory and are used for evaluating the β-function, field and composite field anomalous dimensions. When these anomalous dimensions are computed at the nontrivial value in which β = 0, we obtain the radiative quantum corrections to the critical exponents. As there are four relations among the critical exponents, the scaling relations, we must evaluate just two of them independently [29] . If we want a precise determination of the critical exponents, we have to consider the fluctuations of the quantum field. This is approached by the renormalization group technique. In fact, this mathematical tool was designed to be capable of taking into account the nontrivial interaction among the many degrees of freedom at all scales. Then, we can develop a perturbative theory in which how much more perturbative orders are attained, more precise results are obtained. If we do not consider that quantum fluctuations, we do not obtain satisfactory results. This situation is called the mean-field or Landau approximation for the critical exponents. As the Lagrangian density is essential for obtaining the 1PI vertex parts, it has to be defined from the very beginning. From a general Lagrangian density, initially containing any powers of φ [32] , we have that only even powers of φ must survive because they have to preserve the φ → −φ symmetry which represents the known symmetry under the simultaneous change of all spin orientations in magnetic systems for example [15] . The other constraint which turns possible eliminate many terms among the allowed ones is that only terms with canonical dimension smaller or equal to four will remain. They are called relevant or marginal operators and give contributions to the critical properties of the system, while the ones with canonical dimensions greater than four are called irrelevant and can be discarded [29] . Now, for introducing the coupling between the fluctuating field and the curved background, we have to show that the only allowed interaction needed to describe the critical properties of the system will be the non-minimal one ξRφ 2 . The parameter of the non-minimal interaction is ξ and R is the scalar curvature R = g µν R µν . This interaction is allowed and we justify why: namely, such a term is required to provide UV renormalizability starting from one loop order and beyond one loop the conformal value 1/6 is not a fixed point [33] [34] [35] [36] . Instead of defining the fluctuating quantum field on a flat spacetime, it is now defined on a Rimmannian manifold. Thus the Lagrangian must be invariant under conformal transformations and integrated out over a covariant volume for obtaining the respective action of the theory.
So we have to incorporate the term √ g to the theory, where g is given by g = det(g µν ).
Thus the Lagrangian density considered in this paper will be proportional to that of flat spacetime and containing the non-minimal interaction. In the massless theory approached here there are some peculiarities. In general, the divergences present in massless theories lie at small momentum scales and they are called infrared divergences. In the present theory, we can not get rid these divergences unless we set ξ = 1/6 at d = 4 [37] which leads to a renormalizable theory with conformal invariance. Another feature which is a nontrivial one and a consequence of the renormalizability of the theory, i. e. the theory is satisfactory only when ξ = 1/6, is that its one-loop contribution is vanishing. Thus we have to attain, at least, the next-to-leading level for obtaining a nonvanishing radiative quantum correction for this parameter, analogously to the field renormalization endeavor whose one-loop contribution is vanishing.
In this paper we renormalize the theory at next-to-leading order in Sec. II. In Sec. III we evaluate the critical exponents up to NLO. We conclude this work in Sec. IV with our final considerations.
II. NEXT-TO-LEADING ORDER RENORMALIZATION
The renormalization scheme used in this paper to renormalize the theory is the BPHZ one [26] [27] [28] . In this method, we start from a given loop order in which the Feynman diagrams of the 1PI vertex parts are divergent at that order. Then we add terms to the diagrammatic expansions for the 1PI vertex parts such that new finite ones are obtained. These added terms are called counterterm diagrams. The new finite 1PI vertex parts can be now viewed as been generated by a new renormalized Lagrangian density containing new terms which in turn generate the counterterms diagrams. Thus, we obtain a finite Lagrangian density representing a finite theory at that order. We can proceed to the next order in which the theory is divergent and apply the same procedure for obtaining another Lagrangian density generating others counterterm diagrams and so on up to any desired order in perturbation theory such that we always attain a renormalized theory. Then we can always start from the renormalized theory at a given loop level. Thus we can start from the renormalized Lagrangian density
where it is defined on a d-dimensional curved background with Rimannian metric signature and φ, λ, t and ξ are the renormalized field, coupling constant, composite field coupling constant and non-minimal interaction parameter, respectively. They are related to their bare counterparts through
and
where f is the dimensionless renormalized coupling constant and µ some arbitrary momentum scale parameter. From all 1PI vertex parts, we have to consider only just a few of them, namely the primitively divergent Γ (2) , Γ (4) and Γ (2,1) ones, since the higher 1PI vertex parts can be obtained from the primitively divergent ones through the skeleton expansion [30] . So, if we renormalize the primitively divergent vertex parts, the higher ones turn out to be automatically renormalized. In general, the critical exponent ν is computed in a massive theory through the renormalization of a mass term. The same task in a massles theory is attained through the renormalization of some operator called composite operator φ 2 ≡ φ(y)φ(y). It is not simply the square of the field but it is composed of two fields evaluated at the same point of spacetime. This operator generates the bare composite 1PI Γ 
where the internal line represents the classical propagator of scalar field G 0 (q) expanded in normal coordinates given by [38] G 0 (q) = 1
and = −µ ǫ f c
= −c
are the counterterms at one-loop order. We have expanded G 0 (q) only up to linear terms in R and R µν . Now we proceed to compute the critical exponents up to next-to-leading order.
III. CRITICAL EXPONENTS UP TO NEXT-TO-LEADING ORDER
For computing the critical exponents up to NLO level, we have to evaluate the field and composite field anomalous dimensions evaluated at the nontrivial fixed point. For that, we have to compute the renormalization constants for field, composite field and coupling constant. They are related through the relations
The β-function, field and composite field anomalous dimensions form the Callan-Symanzik
where the non-minimal coupling constant anomalous dimension γ ξ is defined by [34] 
We have analytically computed the diagrams of two-point function of Eq. (6). The respective results are displayed in the Appendix . We observe that in Eqs. (A.1), (A.2) and (A.6) the terms proportional to the external momenta P in quadratic form P 2 are the same as their corresponding flat spacetime values which in turn will contribute to field anomalous dimension evaluation as it is known [29] . Thus, the corresponding anomalous dimension in curved spacetime is the same as its flat spacetime counterpart [29] 
The remaining diagrams, that of curved spacetime four-point and composite field functions of Eqs. (7)- (8) exhibit curved spacetime-dependent divergences in terms of R and R µν . They cancel out in the middle of calculations for the β-function and composite field anomalous dimension, at least at NLO. Thus we obtain the same flat spacetime expressions for the corresponding functions
Similarly, the anomalous dimension γ ξ (u) results
Thus, the NLO level critical exponents at curved spacetime obtained at the nontrivial fixed point [29] 
have their values identical to the corresponding flat spacetime ones [9] 
This result shows that the conformal symmetry, represented by R and R µν terms, plays no role in the critical exponents values thus confirming the universality hypothesis, at least up to the NLO order inspected in this work. In fact, this symmetry is one present in the space where the field is embedded and not in its internal one. Only an internal one would change the critical exponents values.
IV. CONCLUSIONS
We have analytically probed the effect of conformal symmetry in the NLO radiative quantum corrections to critical exponents for massless O(N) λφ 4 scalar field theories in curved spacetime. We have applied the field-theoretic renormalization group approach in the massless BPHZ method. We have found that the conformal symmetry has not modified the NLO order critical exponents values thus keeping them at their flat spacetime values.
This result is in perfect agreement with the universality hypothesis, since a given symmetry could affect the critical exponents values only if it would be present in the internal space of the fluctuating quantum field and not one in a space where the field is embedded. For our knowledge, the present work opens a new research branch, namely one in which we can investigate the influence of conformal symmetry in the critical properties of systems undergoing continuous phase transitions in curved spacetime like critical exponents in geometries subjected to different boundary conditions, finite-size scaling effects, corrections to scaling etc.
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Appendix: Evaluated three-loop diagrams
By evaluating analytically, through dimensional regularization in notation of Ref. [39] and considering that ξ = ξ (A.14)
